Small-Angle Scattering
Basic Theory



Bragg Scattering

From the periodic lattice of a solid
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Phase

q = ky — k. is the[scattering vector,‘ or momentum transfer

2 4
q=|q| = %]eg —e,| = %Siﬂ(@)
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Amplitude

Phase difference
Ap =1 - (ko — ko) = Iij -4
Amplitude — !

eO
A(t, 1) = Ayexpli(wt — k- 1)] R
0 \\/ ]
Scattering from site r; into angle 20, or better A
scattering vector
r;
A(q)y, = Ab(r;)expli(wt — Ap — kg - 1)] r
= Aob(ri) CXp[i(wi —q-r; — k- I‘)] Origin.”

= Aob(r;) exp[—i(q - r;)] expli(wt — kg - r)]

Alq) = Ac ) b(r;)exp[—i(q-1;)] expli(wt — kg - )]

sample
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Amplitude -> Intensity

Scattering-Amplitude from sample A(Q)

Alq) = Ao > b(r;)exp[—i(q-r;)] expli(wt — kg - )]

sample — |
Ao /\\\//
Intensity )
@) = A b0 expl—ia- 1) explifwt — ko 1))
< > b(r;) exp[—i(q - r;)] expli(wt — kg - r)])>* Origin

= AQZZb (ri)b(r;) expl—i(q - ri)])
- IZZ( r;)b(r;) exp[—i(q-rij)]> average

Measured Intensity  I(q)

do .
Scattering Function I(q) = - 1(q)/1,
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‘Small-Angle Scattering; Length scale

Scattered intensity
given by correlations

' @) = [ [ o, explia T Jaracr,

* length scale

(@)

1/Iengfh scale g
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‘Small-Angle Scattering, CONTRAST

* Neutron: SANS  10-1000A
o X-ray: SAXS 10-1000A
e Light:SALS 0.1-100um
* type depending on
* |length scale
* contrast
* sample environment
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Scattering
Cross-section




NEUTRONS
_The Iinteraction between matter and neutrons

The neutron treated as a planar wave with

wavelength A through the de Broglie relation

h

M, Un

\ —

where the velocity v, is given by

the thermal energy E, = kgT as

v, = \/k'.BT/mn

for thermal energies T ~ 300K,
the neutron velocity is of the order of 3000 m/s

and the neutron wavelength of the order of 1.4A
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The neutron scattering length

www.ncnr.nist.gov/resources/n-lengths

Kell Mortensen

Nuclei || Coherent Scattering Length ||{Incoherent Cross Section

b; S1GM,
H -0.3739 - 10~ 2cm 80.26 - 10~2*cm?
0 -0.3741 - 10~ 2cm 80.27 - 10~%*cm?
H=D 0.6671 - 10~ 2cm 2.05 - 10724em?
C 0.6646 - 10~ 2cm 0.001 - 10~%*¢m?
2¢ 0.6651 - 10~ 2¢m 0 10-24¢m?
N 0.936 - 10~ 2em 0.50 - 1072*¢m?
14N 0.937 - 10~ 2cm 0.50 - 10~24¢m?
O 0.5803 - 10~ 2cm 0.0 - 107*4cm?
150y 0.5803 - 10~ 2cm 0.0 - 107*¢m?
i 0.4149 - 10~ 2cm 0.004 - 10~%*cm?
2881 0.4107 - 10~ 2em 0-107*cm?
Cl 0.958 - 10~ 2¢m 5.3 - 107%¢m?
BC1 1.165 - 10~ 2cm 4.7 - 107*¢m?
Ca 0.479 - 10~ 2cm 0.05 - 1072*¢m?
NCa 0.480 - 10~ 2cm 0 - 10~24¢m?
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The interaction between matter and neutrons

1. Interaction with Nuclei

30

B
o 25 ®
Two different interaction terms, %’ 20
If the nucleus spin is finite g " . ’ 5
% e %o
3 " @ @%@%{@D
The average coupling gives g ° % 45?@ &@@g %r’@
coherent scattering Eoo e °
-5 OqH 7Li OOO
. o
The deV|at|0n from average -10-HHe LIBCNOF NaMgAIPSCIKCaSc Cr MnFe Ni CuGe As Se Be Kr Sr Zr Mo
ives incoherent scatterin ’ “ * o * e
gives inco g N lacs
Nuclei Coherent Scattering Length Incoherent Cross Section
'H -0.374 - 10 cm 79.9 - 10 cm?
D 0.667 - 10 cm 2.04 - 10 cm?
0 0.580 - 10*? cm 0.0009 - 10%* cm?
2c 0.665 - 10*? cm 0.001 - 10%* cm?

2. Interaction with Magnetic Moment (electrons)

Kell Mortensen
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The neutron scattering length density

=2 2 (olrole) expl-

Origin -~

i(q-r)])

Substitute scattering
length with scattering
length density:

Kell Mortensen

q small, i.e. r large for a given value of gr
With maximum: q,, ~ 0.5A"1,
we have a lower-size resolution of the order of

r ~ 21/Q,~10A.
I.e. molecular, but not atomic scale resolution.

b; = p(r;)dr;

Define continuum parameter:
scattering length density

1 Nad
=7 D bi= ﬁ D _bi
v v

= / / )) exp[—iq - ri;] dR; dR;
R; JRj

— /R /(p(R)p(R + r)) exp|—iq - r| dr dR

= V- [{(p(R)p(R+r)) exp[—iq-r|dr

= V. [ v(r) exp|—iq - r| dr

— —
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The scattering length density

Wide-angle diffraction high-
resolution
(Atomic length scale)

Small-angle diffraction,
low-resolution

(Molecular length-scale)

@0
GS0g0e®

1 NaoO
P:v;bz‘:ﬁ ;bi

http://sld-calculator.appspot.com/save
http://www.ncnr.nist.gov/resources/sldcalc.html
http://www.ncnr.nist.qov/resources/n-lengths/

1
Pwater = (ZbH + bO)

Vwater

1g/cm3
18 g/mol
Pwater = —5.62 - 10%/cm?

Pwater = 6.02 - 1023 /mol - .(2+(=0.374) + 0.580) - 10~ 2cm
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http://www.ncnr.nist.qov/resources/sldcalc.html

NIST Center for Neutron

sdence

Scattering Length Density Calculator

This calculator will stop working in newer installs of Java. Please update your bookmark to the newer version of SLD calculator developed by Paul
Kienzle at http://www.ncnr.nist. goviresources/activation/. This one calculates estimates of neutron activation and uses newer cross sections as well.

Experiments

Usage notes:

tha Mational Mucloar Data Conter

NOTE: The above neutron cross section calculations are only for tharmal neutron eress sectiona. | do ot hava any snorgy dopondont cross sockons. For onorgy dopo
&t Benokhenen Mational Lab

il 7055 Gactons pi

here b, i the bomd cobereat reatierng leagth of th of 0 atoms 0 4 mclecule

1T rtron scamenng kngih censity 1% dutned &5

The: eomesponding aquantty fr x ays is obtained by rplacing the be values in the expression by Fre, whare r = 781 2 3107 em, 5 the classical radios of e siactron, and 7 s the atomic numbs of tha 7 alom in he molecular yume v

To cakulabs scattening longth donsibios onted a compound 0nd & mass donsity and dick "Calsulate”. Tho first calkculabion will ke the 3 ho of the dala tables of Aoutron and x-roy scationng lengtns,

st i should be faster afler that is perfonmesd.

program

http://www.ncnr.nist.qov/resources/n-lengths/

Neutron scattering lengths and cross sections

Cr Mn Fe Co Ni Cu Zn

Mo Tc Ru Rh

t Eu Gd Th Dy Ho Er Tm Wh

Th Pa U s Fm Md

Mp Pu Am Cm Bk Cf

Kell Mortensen

H20

http://sld-calculator.appspot.com/save

&Ealculaturw

Neutron & X-ray
Scattering Length Density Calculator

® Neutron O X-ray O All

Chemical Formula:  [H20 |  #eg. H20(H[2]20)9
Mass Density (p): |1 | [g-cm’E]
Wavelength (3.): [10 | A (Optional for Info)
Calculate SLD!
Neutron SLD (Bn): |-5.6052e-07 —i[6.1854e-11 A7
X-ray (CuKo) SLD (Brcu): | —if [A7
X-ray (Mo Ku) SLD (Bx.mo): | —i A3

Additional Info

Neutron Incoherent Cross Section: |56211— [em™]
Neutron Coherent Cross Section: IW [em']

Neutron Absorption Cross Section: |U.123?1 [cm'l]
Neutron (e'l) Penetration Depth: W [em]

Summary

Compound p [gem?] A [A] Re(B[A?] Im(BA?] Re(BradlA?] Im(Bra)lA?]

1 10 -5.6052e-07 -6.1854e-11 -
Links:
+  Our New Standalone Data Analysis App: SciEnPlot 4 &
*  Webapp: Kiessig fringe thickness converter
« Data Sources of PeriodicTable: Neutron, X-ray

Acknowledgments:
*  Uses a modified version of the PeriodicTable to fit with Google App
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Scattering length density
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Scattering length density 5 = Xp./ V
T

R O . = N
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D,0/ (D,0+H,0)
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Contrast variation, ‘
- changing solvent

Mixed contrast Bulk contrast Interface contrast

Kell Mortensen 89



Contrast variation
changing solvent
Example

Block copolymer
micelles

In water, measured
with different
D20/H20
compositions

Kell Mortensen

o o [efelle

Varying D,O/H,0 ratio
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Scattering Function
(Scattering Cross-Section)

Decomposed Into

Pre-Factor
Form Factor
Structure Factor



Decomposition into
Intra and inter correlations

n particles (p,q, ..) with
M subunits (i, ..) In each

/yﬁﬁ
P |

®
=

Ss
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Decomposition into
Intra and inter correlations

n particles (p,q, ..) with
M subunits (i, ..) In each

Kell Mortensen
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Decomposition into intra and inter correlations

p
M M n n :
Ha) =Y D" 3" > ((An)* expl-ia- (. —xq,)]) es .

i=1 j=1p=1q=1 #i

assume spherical symmetry, b+ 4
dilute mono-disperse ensemble a

_ 2 4.2 1 ; - 1 i
Ha) = (Ap)"nM™- -5 Z<exp[—&q- (ri — I‘;;)}> [@ + - §<exp[—&q- (tp = rc;)]> ]
1,7 P74

intra particle correlations
giving information on
particle shape

inter particle correlations
approach 1 for dilute systems

o 2 2 P(q) normalized: P(0)=1

I = (A nM~||P(q)S

(q) ( p ) (q) (q) S(g)=1 for dilute suspensions
Wy, Rty

S
Kell Mortensen aCfO/’ 94



Pre-Factor
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Pre-Factor

I(q) = (Ap)* nM?|P(q)S(q)

@

Pre-Factor given by
% g e Contrast Factor
e Number of Particles

© e Mass of Particles
| -

q q

Kell Mortensen 96



; ‘ oo 0 % &
I(g) = n M*(Ap)* Plg) “«s |8
00 o &
pH=7—pH =4 % % o
S oo 2
n— 2n
IpH:4 N /I'\I\ & S0
132 1-1 :fl:l.
IpHZT 2 (j) f‘,
— %IpH:T E/
T |
i
= 0.0 1 | ! | 1 T ]

Kell Mortensen Pap, Sjoberg Mortensen Eur. J Biochem 191 41 (1990) 97
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Decomposition into intra and inter correlations

§§‘§17< (Ap)* exp[—iq - (rp; — qu)]> 3 6
<

i=1 7=1p=1¢g=1 #
dilute mono-disperse ensemble a

assume spherical symmetry, a

I(q) = (Ap) nM?> T2 Z(exp —iq - (r; — r3)]> [ ?11 Z<exp[—iq (rp — rq)]>]

t.] P#q

intra particle correlations giving inter particle correlations
information on particle shape approach 1 for dilute systems

I(q) = (Ap)* nM?|P(q)S(q)

0 s,
n feo,«
Or
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Form factor

Angle

in phése

not in phase

Angle

in phése

100
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Calculate the Form factor of sphere

Kell Mortensen 101




(= www.BayesApp.org - Windows Internet Explorer N =
{ Bl |+ | | (& ol
u "| A * |—' |
http://bayesapp.org/simtest/
- : Sign In ‘\ -
{“f Favorites {5 | Besked [57) C-LIFE ".' Google £ IS1 &) kell €| pkf38 &F viatravel N webMail €| v &/ Carlson Wagonlit
|ﬂ wiww Bayesapp.org |_| ﬁ Home - Ej (] Read Mail g@ Print = Page ~ Safety = Tools = @ Help -

Calculation of small-angle scattering intensities ref

Name of a data file (optional)i| |[ Browse .| @

Result is shown in a new window.

Subunits: Q

Form|  |@ Dimensions| || [ @ cemer| || || |® Romon| || |@ Scateringlengtr| |0
Form| |  Dimemsions| || | | Cemer[ || [ |  Rottiom| || | Scaticringlngth| |
Form:| |  Dimensions:| || || |  Cemter| | || | Rotmtiom| [ |  Scatteringlength| |
Form| |  Dimensions| || || |  Cemer| || || |  Rotaton| |[ |  Scatteringlengti| |
Form| |  Dimensions| || || | Cemer| || || |  Rotaton| |[ |  Scatteringlengti| |

Steen Hansen sthi@life b dic. @

Done € Internet




- Calculation of I{q) - Windows Inlernet Explorer

\ - v | B 4| X |}J 2
| |ttp'//ba esSapp.or /sim/
: : y .0rg/sl
e | SignIn A+
57 Favarites ‘ 9 & Besked [ C-LIFE 'g" Google B ISI & | kel @) phf330 G viabravel N webMal & e Slce Callery = @ Carlson Wagonlt
|§Ca|cu|ati0ngf1(q) |_| ﬁHome - B Feeds (1) -] Read Mail @Print - Page ~ Safety ~ Tools - @Help -
scattering.d from 0.0000to 1.2622 distancedfrom00to 139.98
1 i+ T T T T T T 12000 T T T T T T T T T
01 ¢ ] 10000
8000
001 1
= = 6000
0001 ] 4000
0.0001 : 2000
L M| . 0
0 0.2 0.4 06 08 1 1.2
q r
Download:  I{q) p(r) points logfile inputdata source code
20 20 20
15 15 15
10 10 10
5 5 5
> 0 ™ 0 ™ 0
5 | 5 | 5
-10 -10 -10
15 ] 15 ¢ -15
-20 : : - — : : -20 - : : — - : -20 : - : : : : :
-20-15-10 -5 0 5 10 15 20 -20-15-10 -5 0 5 10 15 20 -20-15-10 -5 0 5 10 15 20
X x Yy

Done & Internet G v Ho0w -




Calculate the Form factor of sphere

Analytical - Integral form

Kell Mortensen
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http://vnt.nmi3.org/wiki

http://vnt.nmi3.org/wiki/index.php/Problem:Scattering_form_factor_for_spheres

{= Problem:Scattering form factor for spheres - NMI3 Virtual Neutrons for Teaching - Windows Internet Explorer,

G@ L |g| hkbp: JEvnk. nmi3 . orgfwikifindes: . phpiProblem: Scattering_form_factor_for_spheres V“El |E| |£| |=:' Gongle ||ﬁ A

File Edit Wiew Favorites Tools  Help

x Google ‘ v

)
';,! Search =

-84 share | Mare 3 n nke" mortensen = W = | 2% W@yConwert ~ [ Select

_| ¥

‘& < - [ @ ~ Page~ Safety - Tools - .@.

77 Favorites | (€ Problem:Scattering Form Factor For spheres - NMI3 V... |

—

Problem Discussion View source

N o Jf search]

Problem:Scattering form factor for spheres

A sample of dilute. identical spheres with radius K dispersed in a selvent will scatter uniformly with the form factor

Navigation 5
s 5 sin (gR) — gRcos (gR)

Moodle course page ‘Dh“{g] - {gR]?’ ’ A
Wiki main page y
Recent changes Question 1
Random page Show by direct integrations that this form is correct.
Help

Hint [zhow]
Quick links setulion ]
Introduction Question 2
Basic scattering Implement the obtained farm factar in MatLab or a similar program and calculate and plat the form factor for spheres with radii, R =20A R =40A and R = 80 A as a function of ¢
Praviding neutrons ion 3
Instrumentation Question L
Monte Carlo Plot the form factor and ohserve the smearing due to a polydispersity if there is an uncertainty in these radii of the magnitude AR/R = 10 % (assume a uniform distribution of sizes in
SAMNS the range R — AR;:R— AR}
Refrau:iloln . Solution —
Crystal diffraction
Phonan scattering
Magnetic scattering This page was last modifisd on 14 March 2012, at 16:10.

In-elastic magnetic
Thiz nans haz heen arceszed 28 times L

Ji.| Dane €D Internet da v Hoow -

=3OP o



http://vnt.nmi3.org/wiki

Problem:Scattering form factor for spheres

From NMI3 Virtual Neutrons for Teaching

A sample of dilute, identical spheres with radius R dispersed in a solvent will scatter uniformly with
the form factor

sin (gR) — gRcos (¢R) )2.

Piphere(q) = (3 (qR)3

Hint [hide]

Use spherical coordinates or the Debye formula.
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Problem:Scattering form factor for spheres

Solution [hide]

V = 47R% /3 and q - v = qrcos(H) . In spherical coordinates the volume element is

dV = r? sin drdfde .

1 ) 3 27 m R ) .
— f dVe lar — - f do / de / dr 1°sinfe ‘areos?
v 4R’ Jo 0 0

3 R cos =1 )
=— dr 1° / d(cos §)e iarcos?
2R° Jo cosf=—1

3 R e—iqr _ eiqr
= — dar | —
2R Jo ( —iqr )

— i f dI‘ I'Q Sin(qr)
R* Jo qr

R

= %/ﬂ dr rsin(qr)
R
_ R
_ 3 rcos(qr) N / dr cos(qr)
qR3 q 0 0 q
3 —Rcos(qR)  sin(gR)
= +
gR® q q°
_ s (sin(qR) — qRcos(qR)
(aR)” Hence
2 .
1 _ (singR — qR cos qR)
Psph(_’l'{.‘(q) - '— dee_lq'r = 3
4 (¢R)

where P — 1 forq — 0.

The total intensity from a particle of volume V[ AP =10 Cm'u‘] in a solvent giving the excess
scattering length Ap [fm/ A%| = 0.1[cm/cm?] is

B 2
Kell Mortensen I(q) = ¢V (Ap)"P.




Calculate the Form factor of sphere

Use, that the scattering amplitude from a
homogeneous volume V can be written

1

T r)exp|—iq-r|d
V' Jsphere p(r) exp|—iq - r|dr

A(q)

to calculate the form factor P(q)
of a homogeneous sphere of radius R.

You may need the integral formula

/ rsinrdr =sinxr — rcosx

Kell Mortensen

Sphere
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Form factor of sphere

Alq) = —
((1> \V4 J sphere

Alq) = % exp|—iq - r]dr Sphere

p(r) exp|—iq - r]dr

/o/fexp —igrcosf] ridr sinfdd do q-r=qr cos(d) =qru u=-cos(d)

R
; / / exp|—igqru] r*dr du
S Ju=—1 Jr=0
2w H . 5
= — / / [cos(qru) — isin(qru)] r*dr du
/ u=—1 Jr=0

/

;,’;—-/\
VL=

R
[sin(qru) 4 i cos(qru)] r* d.-'r]
0
2w 2 5 1!
= 7 / — sin(qr) r d-‘r‘]
/L

1

u=-—1

’:0 qr‘ -u:—l
Ar 1 et | !
= —— / sin radr: , _
Voq? Ja=0 ! rsinrdr =sinx — rcosx
Ar 1 R
= SINT — I COST
V q z=0
3

= rpln(eR) — aReos(gR) 3 :

: Plg) = A%(q) = [(QR)B sin(¢R) — ¢R cos(¢R)]

Kell Mortensen —




0,1-

0,01

Intensity 1(q)
m

1E-4

1E-5-

1E-6 ————ry
0,1 1

3 2
R sin(qR) — qR cos(qR)]

Kell Mortensen 110




Polydispercity




Polydispercity

I(q) = [Ap (Pry M7 P(q. Ry) + [Aps]*naM5 P(q. Ro)+ [Aps]*nsM3 P(q, Ry)

= o
rm o o
o = =

Intensity 1(q)

=
I
e

1E-51

Three Spheres

Size R, 0.9R and 1.1R

Kell Mortensen
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Guinier Approximation

Kell Mortensen 113



Low-q approximation for the sphere

Formfactor of a sphere with radius R

P(q) =

;
(q1R)

[sin(¢R) — qRcos(qR)]?

2

Kell Mortensen

Sphere
Guinier regime
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Low-q approximation for the sphere

Low-q regime 5 RE g Guirierregme
P(q) = { —[sin(¢R) — qRcos(qR } 081
(9) (qR)S[ (¢R) (qR)] .
; yE
Use Taylor expansion q N

1

_CCSfm(O) + —5124f””(0) + 5!335}?{””(0) o

Fl@) & (0) + @ % (0) + 3227(0) +

which on the sin- and cos-functions — to 5th order in x - gives

1 1 1 1
sin(z) =~ SiHO+$COSO—§$QSiHO—g$30080+ﬂ$4,8?:n0—m$56080
L 3 L 5
U T
(z) 0 in0 — 22 cos0 + 2% sin 0 + —acos0
I~ — Irsinu — —I” Ccos =X S —X COS
cos(x COS TS 57 ; 7
1 1
— 1-= 2 = .4
2:1: —|—24:1:

Kell Mortensen
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Low-q approximation for the sphere

Low-q regime 5 RE g Guirierregme
P(q) = —|sin(qR) — gRcos(qR 081
(q) [(QR)3[ in(¢R) — gRcos(gR)] ] .
041
From the Taylor expansions we then have T e
1 . | R 1 1
sin(r) —xcos(r) =~ (v — 6:173 + l—zox’) —x(1 — 5:1:2 + ﬂfl)
1 3 1 )
- 3" 730"
and thereby the amplitude of scattering
sin(x) — x cos(x 1
Fsphere(m):?) ( ) ( ):1__"132 .ZC:C]R

€3 10

The form factor of spheres is then approached

1 1 1
P(g) = F*(q) = (1 - 52°)" ~ 1 — za” ~ exp[— =]

Kell Mortensen 116



Guinier approximation

Low-q regime

P - |

;
(qRR)?

sin(qR) — gRcos(qR)*

2

From the Taylor expansions we then have

1
P(q) = expl—- ¢ ]

eeeee
uuuuuuuuuu

mmmmmm

Sphere
Guinier regime |

More generally, it can be shown that the linear

In(P) ~ ¢

relationship holds for all systems of spherical symmetry,

as described by the radius of gyration Rg

1
P(q) ~ eXp{—ngRﬁ]

The radius of a sphere iIs therefore related to the radius of gyration as

)

3

RQZ_R‘Z

D

Kell Mortensen
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Guinier approximation

=V [{ple’ = r)p(x')) exp(~iq- ) dr

which in spherical symmetric case become:
Q) = V [t = a2 S g,

qr
sin(qr)
x V / q dr

for small qr-values:

sin(qr) 1

qr 3!
giving:
I(q) o V/f}/(’r)?"2 dr —

= V'/"y('r‘)'r2 dr (11—

Kell Mortensen
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Guinier Approximation

I(q) o V'/‘f}/(’r)?"2 dr — %%/ y(r)yrtgtdr + ...
T ) 1, |1 [~(r)ridr
= V/fy('r)fr dr (1 — gq 517(?4)?“2 - +...)
— V/"y('r‘)'r2 dr (11— %RﬁqQ +...)

and thus with exp(x) ~ 1 + 2 + ...

I(q) = exp(—Ryq°/3)

independent of particle form,
but valid range depend on particular form

Kell Mortensen 119



High-g limit
POROD REGIME
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Porod Law for a sphere

Amplitude F(q) squared Ave.rag_ing over the cosine
oscillations, we have for
) o sin(qR) — qR cos(¢R)y2 R — o
Fi(g) = ov? [P e !
o2 U R ) (gR) F(g) — 9V2 (cos2(qR)) - (¢R)™
qh 2 ¢ —4
— 9V? cos?(qR) - (qR)™ for qR — o0 = 9V /2 ' (QR)

and thereby

104
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0.1
0.014
T 1E-3]
LL
1E-4
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0.1 1 10 100
gR
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Sphere
Porod regime

5, Voo i .
fz{;q) — 3‘[--’3 (qR) 1= 2mA - g !

A(R) being the surface area of the
sphere




Porod Law - for two phase system

In the small r-regime (large g-regime)

the scattering can only depend on interfase properties.

In this small r-regime, y(r) can be Taylor expanded

fj-;*('r) x 1+ ayr+ @2?’2 + .

Porod showed, that for a simple two-phase
system, we have to first order in r

S

~(r) o 1 — _
/ (r) :X 4'{,!?}”

Giving the Porod Law

) ~ [(r)S2ar) g,

qr
S sin(g
N [(1_ rr)“;-lll(qr)dr
4V qr
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Spherical Shells
(Micelles and Liposomes)

Kell Mortensen 123



Form factor of Micelle modeled as
Core - Shell Structure

Form Factor Amplitude

Aq) = /p(r) sin(qr) r? dr
qr

Core-Shell particle:

R. R,
Acs(g) = / ApSlar) 2y / Ape ST 2 g,
0 R

qr qr

Re sin(gr) o
44(35 (Q) = APC T T d-:!,
0

R sm(qr) 2 Re sin(gr) 2
+ /'_\pS/ dr — ApS/ r- dr
0 qr 0 qr

Re sin(gqr) 2 R sin(gqr) 2
= (Ape — Aps)/ r-dr + L\,OS/ r-dr
0 0

qr qr

(pe — ps) ReAsp(q. Re) + Aps R§Asp((q. Rs)
(pe — ps)RE + Aps R3

Kell Mortensen
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Form factor of Spherical Shell Structure

Amplitude

Re sin(gr) o
.44(35 (q) = A,OC T T d?’
0

hs sin(gr) 2 e sin(gr) o
+ /_\pgf —— 7" dr — Apg f ——= T dr
0 qr 0 qr

He sin(gr) 2 hs sin(gr) o
(Ape — f_\ps)/ ——rTdr+ /_\pgf ——=r" dr
0 qr 0 qr

y'y
_ (pe— ps)RaAsp(q, Re) + Aps R3Asp((q. Rs) P
(pe — ps)R2 + Aps RE

Shell: Apc = 0 J—»

0 R,R,

Giving,
(L\ps)(ﬂi s(q, Re) + RsAs((g, Rs))

(Aps)(RZ + R?)

As(q) =

Kell Mortensen 125



Numerical Methods

Calculation of small-angle scattering intensities from a model of subunits =

Name of a data file for comparison (optional): Browse... @

Result 1s shown in a new window.

Subunits: @

The model of the scatterer can be composed of several subunits to be defined below.
Overlapping subvolumes are automatically subtracted as described in the reference,
unless the letter X 1s entered in the following box:

A total of 15000 points are used in this webversion of the program.

For a more detailed calculation the source code can be downloaded.

To start the calculation press "enter” on the keyvboard when the cursor is in an mput field
or press the "Submit”-button above.

Form:@ Dimensions:|1ﬂ || || |@ Center:l |

Il | ® Rotation: I:I I:l 0 Scattering length: I:l 0

Form: Dimensions: |9 || || | Center: | || || | Eotation: |:| I:l Scattering length: I:l

Form: I:l Di.me:nsions:| || || | Cen‘ter:| || || | Rotation: I:l I:l Scattering length: I:l

Form: I:l Dimensions: | || || | Center: | || || | Rotation: I:l I:l Scattering length: I:l

Form: I:l Dimensions: | || || | Center: | || || | Rotation: I:I I:l Scattering length: I:I

Noise: @ No points: I:I Qmun: I:I Qma.:h::| | Rel: | | Abs:| | Smear: I:I Vol. fraction: I:I @ Polydisperse: I:I @
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seattering.d from 0000018 1.2654 distanced from 00t 15497

1 7000 —
.,
““"\ ) - \_\
£000 \ 1
~ / \ Sphere
x& 5000 s Y 1
/ \ .
S I . { Radius 10
/ \
LN \ adius
* /
3000 / A 1
0.001 4 ?( X ‘f“\ / \
ilf *% ! % 2000 / M 1
! / \
0.0001 llr L 1; . 1000 / '\
. . ; 1, . )ﬁ . ol \\.
0 02 L] 0.6 08 1 12 o 2 4 & 8 10 12 14 16 18
q r
Download: I{g) Plg) p{r) points logfile inputdata noiscdata source code
20 20 20
15 15 15
10 10 10
5 5 5
S 1] =] 1] i 0
10 10 10
15 45 15
20 — 20 —— 20 ——
2015410 5 0 5 10 15 20 205410 5 0 5 10 15 20 205410 -5 0 5 10 15 20
b bl ¥

scattering.d from 0.0000to 1.2654 distance.dfrom00to 1997

1 T T T T T T T T T T T T T
300 |
0l ¢ 250 |
200 |

= =

- 001 t 2 150 |
100 ¢
0.001 50 |

0 . : , , . , , .

0 0 2 4 6 8 10 12 14 16

q r

Download: I(q) P(g) p(r) points logfile inputdata mnoisedata source code

20 20 20
15 15 15
10 10 10
Shell 5 5 5
. - 0 N0 w0
Radius 10 5 5 5
-10 -10 -10
Th k 1 15 15 15
ICKNeSS - - -
201510 5 0 5 10 15 20 201510 5 0 5 10 15 20 201510 5 0 5 10 15 20
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Form factor of Spherical Shell Structure

Ri__
Amplitude
F(Q) - /0 p('r)SlIt]('fr) 47”12 dr 0 RFReRs R, Ry Ry Ry
R o . R
= / 1 P1 sin(gr) Amr? dr + / i stm( ar) dnr? dr ++
0 qr Ry qr
R = o R 3 o R
= / 1101 sin(gr) Arr? dr + [/ szbm(q?) Arr? dr — / 11025111( )4"7 dw] + +
0 ar 0 ar 0 qr
giving, as in the calculation for a dense sphere
1
Fla) = 3[nV(R)E(0.R) + zpz( (Ri)Fo(q. Ri) = V(Rie1)Fio(q. Ric) ) |
P
where N
V=pV(R)+ > p(V(R) = V(Ri))
i=2
if we define p, = 0 and Ry = 0 the equation can be generalized to
Flg) S P-i(V(Ri)Fs(Q, Ri) = V(Ri—1) Fs(q. 31—1))
(q) = —
Kell Mortensen Zi:l pi (V(Ri) - V(Ri_l)) 128



Form factor of Spherical Shell Structure

Amplitude
St pi (V(Ri)Fs(qv Ry) = V(Ri—1)Fs(q. 5’-1—1))

N . ’
D=1 Pi(T/ (7)) =V (5’-1—1)) ) R;RgRs R, R3 R, Ry

Flq) =

Inset expression for spherical form factor:

3N o l(sin(qﬁi) — qR; COS(QRi)) — (Sill(qﬁ’.i_l) —qRi—y Cos(qﬁi_l))]

F(q) = [
(q) N (pi [(qﬁi)3 _ (qﬁi—ﬂﬂ

and thereby the scattering intensity

3N [(sin(qﬁi) — qR; cos(qﬁi)) - (Sin(qﬁi_l) — qR;_4 cos(qRi_l))]
>l (pi [(qﬁi)B - ((15’-1—1)3}

2

I(q) = F*(q) =

Kell Mortensen 129



Form factor of Micelle
modeled as
Spherical Shell Structure

COMPOUND PARTICLE
build up of sub-units
(concentric spheres /
shells)

Kell Mortensen 130



Form factor of Particle
modeled as
Two Spheres

COMPOUND PARTICLE
build up of sub-units
(concentric spheres /
shells)

Kell Mortensen 131



Compound particles:

examples:
nucleosomes, protein/DNA complexes
ribosomes: protein/RNA complexes

Kell Mortensen 132



Compound particles:

Modelled as an assembly of uniform subunits

Monte Carlo type of
data-analysis
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Compound Particle
Using contrast variation

I{q) = (p1—po)*Fr(a) + (p2 — po)gFf(qH

(p1 = po)(p2 — po) F if/;l/

I(q) = (p1—po)

Measurements in the three conditions gives
the structure of the individual subunits,

and the distance r,
Kell Mortensen 134



Form factor of Micelle
modeled as
Sphere + Corona with Coils

COMPOUND PARTICLE
build up
spheres + colls

Kell Mortensen 135



Compound particle: —10* . —
Form factor of Micelle 5 2 7
107 _
é% 107 .
i% 10! .
E 1 0% | I

1072 1o
Scattering vector  [AT']

Fric(@) = N?pg?Fg(a) + np2F(0) + n(n-1) p?S.(Q) + 2npsp Sec(0)
with

Fo(@) = x2(e*+x-1), x=(qRy) Gaussian chain
F<(Q) = [8(gR)3*{sin(gR,)-qR. cos(qR,)}]*> = &> Solid Sphere
S..(q) = D, x1(1-e*) sin(gR) / gR

Raabbhbiser (1-€7) [SIn(GR) / qRT* 136 136



Form Factor
of
Simple Objects
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Cylinder
Sphere Rod Disc

7 -
1
6
01
P Guinier Regime q
0,01 =
Ty
<

Cross-section 1(q

Intensity 1(q)
i

1E-4 Thickness functgn 1iq)
- 2
1E5 1
Minima: gR = 3.83, 7.01 Minima: gR = 3.14, 6.28
1E6 [ | . — |
B - 1
01 } 5 : : r

lcjg(q) ‘iog(q) |

{}Rmin,l = 4.49 qu-in,l = 3.38 qﬁmm,l = 3.14

Kell Mortensen 138



Sphere

Cylinder
Rod

{}Rmin,l = 4.49

ngiﬂ-aQ/quin:l = 1.72
quinZ'quinlzs-ZO

Kell Mortensen

{}Hmin,l = 3.38
QR'T?T-'iﬂ-,Q/(]H?nin,:l — 1.83

quinZ'quin1:3-18

Disc

{}Rmin,l = 3.14
QR-m.-in,Q/quin:1 = 2.00

quinZ'quin1:3-14
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Form factor of Polymer Chain

INn solution

Kell Mortensen 140
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Low-g approximation for a polymer coll

Form factor for Gaussian polymer coil
2

P(q) = = [6_‘“ — 1+ :zr} with o = ¢*R?.
in the low-Q regime X << 1:
2 —x .
Plq) = ) {e — 1+ ;1,]
2 1, 1,
~ e {1 —x + 5:1: — 6;1: +...—14+=x
1
~ 1 — gzzr
- 1 1 2R? —— Debye
3q g 1.0 — Guinier
which may be rewritten in exponential s
approximation: &
0.5
| R
— 2 2
P(q) ~ exp[—5¢"R,]
0.0 ey —
i.e. in the usual Guinier form S T w7

Kell Mortensen 142



Guinier Approximation

Kell Mortensen

R()

1.2 .
_ — Guinier

1.0- —— Debye Polymer Caoll
_ —— Sphere

0.8-

0.6

0.4

0.2-

0.0 .
0 2 3
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High-g approximation for a polymer coil

Form factor for Gaussian polymer coil
9

in the low g-regime, x<<1 (x<1):

1.
P(q) =~ exp[—gtfRﬁ]

In the high g-regime, x>>1 (x>10):

P(q) ~ ;)2[0— 1+ 2 =

=

P(q) =2R,%q*

I.e. fractal with fractal dimension 2.

Kell Mortensen

P(q) = = {e_‘r — 1+ :1:} with 2 = ¢*R?.

12
10-
081
S 061
04-

0.2

— Debye
—— Guiniet

- q'2

T
(ol ]
0.0l—é
i1 =2 B S
0.1 1 10 100 1000
@Ry’
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Form factor of Mass Fractal

The mass scale with radius as:

M o r?

Assume that system obey the fractal law within the
3D Euclidian volume, give the formula for the

correlation function:

v(r)

Calculate thereby the Scattering Function using the formula:

sin(qr) -
S (q ) 7“2 dr



http://upload.wikimedia.org/wikipedia/commons/2/21/Mandel_zoom_00_mandelbrot_set.jpg

Form factor of Mass Fractal

The mass (scattering power) scale with radius as:

M x r? log(1)

and thereby the correlation function

Y(r) oc M/V o r®=3

which inset into the equation for scattering gives

sin(qr) .
I((D - f ’}(r* )a(g) r dr

/(([‘T’)d—3+2 M
qr

32— log(a)

= cst-q "

Kell Mortensen 146



Form factor of Mass Fractal

Colloidal aggregates PHYSICAL REVIEW LETTERS

. . . . . Fractal G f Colloi A
diffusion limited aggregation ractal Geometry of Colloidal Aggregates
Dale W, Schaefer and James E. Martin
Pierre Wiltzius and David S. Cannell

- T T L T I ) T T T T L) T ) 1 ! 4
- i -
E F E
o [ ]
=
w - _.
h - e
= 3 3
- .
- y
3 E
0.0001

Kell Mortensen PRL 52, 2371 (1984)147



Fractals

—~ A-d
1(q) ~ q
Mass-fractal 1<d<3

() ~ g€ =qfm

Surface Fractal 3<d<4

1(q) ~ g9 = &)

with surface fractal dimension d,

Log (1)

Log (a)

2 <d, <3

Kell Mortensen 148



Surface Fractal

VOLUME 53, NUMBER 6 PHYSICAL REVIEW LETTERS 6 AUGUST 1984

10 LN Ll B B R A R LL AL LY B LR LS Small-Angle X-Ray-Scattering Investigation of Submicroscopic Porosity

E S f 3 with Fractal Properties

] ur ace ] Harold D. Bale!® and Paul W. Schmidt
scattering from

101 | E :

: porous coal: : Bale and Schmidt showed that the

Beulah lignite A Porod law can be generalized to

108 |-

g non-smooth surfaces, to the form

~(6-dy)

108 |-

I(q) x q

with the surface fractal:
107 |

il

[ EET

2<d, <3

108 |-

RELATIVE SCATTERING INTENSITY

Linear in log-log plot:

I(q) ~ g3
: corresponding to a
ha : surface fractal dimension:
o | . . 3 d,.=6-3.44=2.56
104 103 102 10 10¢

Kell _ _ __ SCATTERING ANGLE (RADIANS] PRL 53, 596 (1984) 1 49



Structure Factor

Kell Mortensen 150



Decomposition into intra and inter correlations

§§‘§17< (Ap)* exp[—iq - (rp; — qu)]> 3 6
<

i=1 7=1p=1¢g=1 #
dilute mono-disperse ensemble a

assume spherical symmetry, a

[(q) = (Ap) nM? . 72 Z(exp —iq - —rj.)]> {1 + %Z<exp[—’iq-(rp—rq)]>]

2,7 P#q
intra particle correlations iInter particle correlations
giving information on approach 1 for dilute systems

particle shape

I(q) = (Ap)* nM”|P(q)S(q)

S
Kell Mortensen GC[‘O/, 151



Structure factor

I(q) = (Ap)* nM” P(c

Ordered, crystalline structure

Kell

1(0)

Bragg scattering
delta functions

152



Structure factor

I(q) = (Ap)*> nM” P(q)S(q)

S(q) = [1 + Z<exp[—iq- (rp — rq)]> ]

p#q
2.0
— ¢=0.1

1.54

—~ 1.0

S

° /\ﬂﬁ
0.54
0.0 T

0 5 10 15 20
2thS
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Structure factor

S(q) = 1 + 4znN [ h(R) sin(qR)/gqR R2dR Q Q Q
h(R) correlation function O

Ornstein Zernike Approximation ?

h(Ryp) = c(Ry,) + nLC(Rls) h(R,3) dR;

\C(R) direct short range correlation Q

Percus Yevick Approximation
c(R) = [e?kN-1] e ®/kT [h(R)+1], @ = D(R)

Hard-sphere interaction

c(R)=[a + B (R/R,) + v (R/R,y)?]), o.,B,y function of volume fraction ¢

S(@) = [1 + 24 ¢ G(20R,)/120R g™

Thus, Intensity 1(q) = P(q) S(q)
only depending on core size R, Volume fraction ¢ and Interaction distance R,

Kell Mortensen 154



Structure factor

Hard-sphere Perkus-Yevick

o)
Volume
fraction
0.1%
o)
2.0
1.5-
S
U)’ 1.0
0.54
0.0 T T T
0 5 10 15
2ths

Kell Mortensen

20

2.0

1.5

1.0

S(a)

0.5

0.0

© o0 O
o 09 o ©
Volume |o 590 o

- g ® o
fraction |[o . § 50 O
10% 8 S g%
8 004 o0
o 0

o 5 10 15 20

20R

hs

Correlation Hole
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Structure factor

Measure a concentration series to get the correct form factor and

zero-g instensity (Molar mass)

]
=)
1

1

[

o
L

1ns

CANGeTIReTION

Irzenzity /
=

]
=]

Kell Mortensen
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-

seattering

wenT e

concentration
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Structure factor
Hard-sphere Perkus-Yevick -

Correlatlon Peak Volume fract|on )

3 approach —0.01 4
2n/mean-distance ——0.02

—0.05
—0.10
0.20
2~ ——0.30 ]
0.40
—0.50

ONeJo
% C}C} Hard- Sphere Percus- Yevrch Structure Factor
O~ O

15 20
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Scattering Function Hard-sphere Perkus-Yevick

10,

0.1- —P()
3 — 5(q)
—1(Q)

0.01

1(q)

1E-3-

1E-4-

1E-5-

20R

hs
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!

Structure Factor:

I(a) = M2 Ap? P(q) S(0) ‘
() = M2 Ap? P(q,Rc) S(g,Rhs, ¢) & ‘

1072 167"
Scattering vectar [A7]

QQQQ
©
©© @

Kell Mortensen
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Structure factor

S(q) =1 + 4=N | h(R) sin(qR)/gR R2dR

h(FTQ) correlation function
Ornstein Zernike Approximation
h(Ry,) =c(Ry) +n J C(Ry3) h(Ry3) dR,

c(R) direct short range correlation
Percus Yevick Approximation
c(R) = [ekN-1] e ® /KT [h(R)+1],

® = O(R)
Hard-sphere interaction
C(R): [OL + B (R/Rhs) + Y (R/Rhs)z])1

o,B,y function of volume fraction ¢

S(q) = [1 +24 (I) G(Zths)/zthS]_l
Thus, Intensity 1(q) = P(q) S(q)
only depending on core size R,

Volume fraction ¢ and Interaction distance R,

o
B

[em

107

—
]
(]

Intensity /cancentration
o

o
=]

[
F127 in DO
o 1%
A 2%
+ 5%

1072
Scattering vectar [A7]

107!
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Measured Scattering Function as a
function of temperature

PEO-PPO-PEO (P85) 25 % in D,O

10”7 4 e L L 1
0 10 20 30 40 50
TEMPERATURE
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Measured Scattering Function as a
function of temperature

PEO-PPO-PEO (P85) 25 % in D,O

Changes in

FBE 2L5% )
micellar form

Ordering

Micellation

Kell Mortense 162



Micellar parameters

as a function of temperature
and concentration,

obtained from fitting

to the scattering data

1(9) = P(q) S(a)

P(a) = [3(aR.)*{sin(aR,)-aR. cos(qR )}
S(q) =[1 + 24 fG(29R,\)/20R ]

l.e. 1(q) function of R, R, and f
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Gel

PEO-PPO-PEO Block copolymer in water

w0l 0
0 10 20 30 4 50
TEMPERATURE

kMcelar Ydume Fracion

Temperature (C)

0.00 -0.00 £0.00 30.00 40.00
Folymer Goncantration ()

Experimental micellar volume fraction, as obtained from SANS data, and
schematic interpretation.
(K.Mortensen. J.Phys.Cond.Matter. 1996)
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Orientation by oscillating shear

Kell Mortensen

oscillating shear

’L)l» (l‘fi’ Df‘?
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PEO-PPO-PEO Block copolymer in water

kWicelar wdu me Fracion

Temperature (C)

- 0.00 2000 3000 40,00
\
Folymer Gonoentratiok {36]
\
AY

Experimental scattering function
resulting micellar volume fraction,

and -
schematic real-space interpretation.
(KM J.Phys.Cond.Matter. 1996)

T 20 30 a0 50
TEMPERATURE
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Shear-controlled texture

1.0
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0.6

0.4

0.2

Kell Mortensen
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Log G' (Pa) and Log G" (Pa)

Strain Amplitude
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Mortensen et al Macromolecules 2002
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