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Small-Angle Scattering  
Basic Theory 
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Bragg Scattering 
 
From the periodic lattice of a solid 

nλ = 2d sin θ 

θ 

I(θ ) 2θ 
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is the scattering vector, or momentum transfer 

Phase 
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Amplitude 

Sample  

Scattering from site ri into angle 2θ, or better   
  scattering vector q 

𝐴 𝑡, 𝒓 = 𝐴𝑜exp 𝑖 𝜔𝜔 − 𝒌 ∙ 𝒓  

Phase difference 

Amplitude 
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Amplitude -> Intensity 

Measured Intensity 

Scattering Function 

Intensity 

Scattering-Amplitude from sample A(q) 

〈                        〉 

𝐼 𝒒  

𝐼 𝒒 =
𝑑𝜎
𝑑Ω

= 𝐼 𝒒 /𝐼𝑜 

average 
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Scattered intensity  
given by correlations 

Small-Angle Scattering; Length scale 
• Neutron: SANS 10-1000Å 
• X-ray:  SAXS 10-1000Å 
• Light: SALS  0.1-100mm 

• type depending on  
• length scale  
• contrast 
• sample environment 

I(q) 

q 1/length scale 

( )∫ ∫ ⋅= jiijji rdrdrqiqI 33exp)( ρρ
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Small-Angle Scattering, CONTRAST 

S(q) 

q 

• Neutron: SANS 10-1000Å 
• X-ray:  SAXS 10-1000Å 
• Light: SALS  0.1-100µm 

• type depending on  
• length scale  
• contrast 
• sample environment 

S(q) 

q q q 



Scattering 
cross-section 

neutrons 
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NEUTRONS 
The interaction between matter and neutrons 
The neutron treated as a planar wave with  
wavelength λ through the de Broglie relation 

where the velocity vn is given by  
the thermal energy  En =  kBT as 

for thermal energies     T ~ 300K,  
the neutron velocity is of the order of   3000 m/s 
and the neutron wavelength of the order of  1.4Å 
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The neutron scattering length 
www.ncnr.nist.gov/resources/n-lengths   

http://www.ncnr.nist.gov/resources/n-lengths
http://www.ncnr.nist.gov/resources/n-lengths
http://www.ncnr.nist.gov/resources/n-lengths
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The interaction between matter and neutrons 

1. Interaction with Nuclei 
 Two different interaction terms, 
 if the nucleus spin is finite 
 
 The average coupling gives  
 coherent scattering 
 
 The deviation from average  
 gives incoherent scattering 
 
 
 
 
 
 
2. Interaction with Magnetic Moment (electrons) 
  …… 

Nuclei Coherent Scattering Length Incoherent Cross Section
1H -0.374 ⋅ 10-12 cm 79.9 ⋅ 10-24 cm2

2D 0.667 ⋅ 10-12 cm 2.04 ⋅ 10-24 cm2

16O 0.580 ⋅ 10-12 cm 0.0009 ⋅ 10-24 cm2

12C 0.665 ⋅ 10-12 cm 0.001 ⋅ 10-24 cm2
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Define continuum parameter: 
  scattering length density 

→ 

q  small, i.e.  r  large for a given value of  qr 
With maximum:  qmax  ~ 0.5Å-1,  
we have a lower-size resolution of the order of  
 

     r ~ 2π/qmax~10Å.  
 

i.e. molecular, but not atomic scale resolution. 

The neutron scattering length density 

Substitute scattering 
length with scattering 
length density: 
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The scattering length density 

Wide-angle diffraction high- 
resolution  
(Atomic length scale) 
Small-angle diffraction,  
low-resolution 
(Molecular length-scale) 

𝜌water =
1

𝑉water
2𝑏H + 𝑏O  

𝜌water = 6.02 ∙ 1023/mol ∙
1g/cm3

18 g/mol
∙ 2 ∙ (−0.374)  + 0.580 ∙ 10−12cm 

𝜌water = −5.62 ∙ 109/cm2 

http://sld-calculator.appspot.com/save  
http://www.ncnr.nist.gov/resources/sldcalc.html  
http://www.ncnr.nist.gov/resources/n-lengths/   

http://sld-calculator.appspot.com/save
http://www.ncnr.nist.gov/resources/sldcalc.html
http://www.ncnr.nist.gov/resources/n-lengths/
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http://www.ncnr.nist.gov/resources/n-lengths/  

http://www.ncnr.nist.gov/resources/sldcalc.html  
http://sld-calculator.appspot.com/save  

http://www.ncnr.nist.gov/resources/n-lengths/
http://www.ncnr.nist.gov/resources/sldcalc.html
http://sld-calculator.appspot.com/save
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Scattering length density 
ρ  =  Σbi / V  
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Scattering length density ρ  =  Σbi / V  
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Mixed contrast Bulk contrast Interface contrast 

Contrast variation,  
- changing solvent 
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Varying D2O/H2O ratio 

Q [Å-1] 

I(
Q

) [
cm

-1
] 

Contrast variation 
changing solvent 
Example 

Block copolymer 
micelles 
in water, measured 
with different 
D2O/H2O 
compositions 
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Decomposed into 

Pre-Factor 
Form Factor  

Structure Factor 

 Scattering Function 
(Scattering Cross-Section) 
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Decomposition into  
intra and inter correlations 
n particles (p,q, ..) with  
M subunits (i,j, ..) in each 

i 

j 

i 

j 

q 

P(q) 

p 
i 

j 
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Decomposition into  
intra and inter correlations 
n particles (p,q, ..) with  
M subunits (i,j, ..) in each 

i 

j i 

j 

i 

j 

p 

q 

S(q) 
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Decomposition into intra and inter correlations 

intra particle correlations 
giving information on  
particle shape 

inter particle correlations 
approach 1 for dilute systems 

assume spherical symmetry,  
dilute mono-disperse ensemble 

P(q) normalized: P(0)=1 
S(q)=1 for dilute suspensions 

i 

j 
i 

j 

p 

q 

normalized 
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 Pre-Factor 
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 Pre-Factor 

Pre-Factor given by 
• Contrast Factor 
• Number of Particles 
• Mass of Particles 

I(q) 

q q 
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Pap, Sjöberg Mortensen Eur. J Biochem 191 41 (1990) 

I(
q=

0,
pH

) /
 I(

q=
0,

pH
=7

) 
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 Form Factor 
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Decomposition into intra and inter correlations 

assume spherical symmetry,  
dilute mono-disperse ensemble 

intra particle correlations giving 
information on particle shape 

inter particle correlations 
approach 1 for dilute systems 
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Form factor 
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Calculate the Form factor of sphere 
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102 

http://bayesapp.org/simtest/  
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103 

http://bayesapp.org/sim/  
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Calculate the Form factor of sphere 

Analytical - Integral form 
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http://vnt.nmi3.org/wiki/index.php/Problem:Scattering_form_factor_for_spheres 

http://vnt.nmi3.org/wiki  

http://vnt.nmi3.org/wiki
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Calculate the Form factor of sphere 

Use, that the scattering amplitude from a 
homogeneous volume V can be written    

to calculate the form factor P(q)  
of a homogeneous sphere of radius R. 
 
You may need the integral formula 
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Form factor of sphere 
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0,1 1 10
1E-6

1E-5

1E-4

1E-3

0,01

0,1

1

 

 
In
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 I(

q)

qR
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Polydispercity 



Kell Mortensen 
 

112 
 

Polydispercity 

1 10
1E-5

1E-4

1E-3

0,01

0,1

1
Three Spheres
Size R, 0.9R and 1.1R

In
te

ns
ity

 I(
q)

qR
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Guinier Approximation 



Kell Mortensen 
 

114 
 

Low-q approximation for the sphere 
Formfactor of a sphere with radius R 

0 1 2 3 4

0.4

0.6

0.8

1

1.2
 

F2 (q
)

(qR)2

            Sphere
Guinier regime

0 10 20 30 40 50 60
1E-4

1E-3

0.01

0.1

1
 

F2 (q
)

(qR)2

            Sphere
Guinier regime
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0 1 2 3 4

0.4

0.6

0.8

1

1.2
 

F2 (q
)

(qR)2

            Sphere
Guinier regime

0 10 20 30 40 50 60
1E-4

1E-3

0.01

0.1

1
 

F2 (q
)

(qR)2

            Sphere
Guinier regime

Low-q regime 

Use Taylor expansion 

which on the sin- and cos-functions – to 5th order in x - gives 

Low-q approximation for the sphere 
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0 1 2 3 4

0.4

0.6

0.8

1

1.2
 

F2 (q
)

(qR)2

            Sphere
Guinier regime

0 10 20 30 40 50 60
1E-4

1E-3

0.01

0.1

1
 

F2 (q
)

(qR)2

            Sphere
Guinier regime

Low-q regime 

From the Taylor expansions we then have 

and thereby the amplitude of scattering 

The form factor of spheres is then approached   

Low-q approximation for the sphere 
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Guinier approximation 

0 1 2 3 4

0.4

0.6

0.8

1

1.2
 

F2 (q
)

(qR)2

            Sphere
Guinier regime

0 10 20 30 40 50 60
1E-4

1E-3

0.01

0.1

1
 

F2 (q
)

(qR)2

            Sphere
Guinier regime

Low-q regime 

From the Taylor expansions we then have 

More generally, it can be shown that the linear  
 

     ln(P)  ~  q2  
 

relationship holds for all systems of spherical symmetry,  
as described by the radius of gyration Rg 
 

The radius of a sphere is therefore related to the radius of gyration as 
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Guinier approximation 

for small qr-values: 

giving: 

V 

V 

which in spherical symmetric case become: 
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Guinier Approximation 

independent of particle form, 
but valid range depend on particular form 

V 

V 
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High-q limit 
POROD REGIME 
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Porod Law for a sphere 
Amplitude F(q) squared 

and thereby 

A(R) being the surface area of the 
sphere 

Averaging over the cosine 
oscillations, we have for 

0.1 1 10 100
1E-7

1E-6

1E-5

1E-4

1E-3

0.01

0.1

1

10
          Sphere
Porod regime

 

 

F2 (q
)

qR
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Porod Law -  for two phase system 
In the small r-regime (large q-regime)  
the scattering can only depend on interfase properties. 
In this small r-regime, γ(r) can be Taylor expanded 

Porod showed, that for a simple two-phase 
system, we have to first order in r 

Giving the Porod Law  
r 
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Spherical Shells 
(Micelles and Liposomes) 



Kell Mortensen 
 

124 
 

Form factor of Micelle modeled as  
Core - Shell Structure 

0       Rc       Rs 

ρ 

Rs 

Rc 

Form Factor Amplitude 

Core-Shell particle: 
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Form factor of Spherical Shell Structure 

Amplitude 

Giving,  
0    R1 R2 

R2 

R1 

ρ 

Shell:  
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Numerical Methods 
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Sphere 
Radius 10 

Shell 
Radius 10 
Thickness 1 
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Form factor of Spherical Shell Structure 

Amplitude 

giving, as in the calculation for a dense sphere 

0  R7 R6 R5 R4 R3 R2 R1 

where 

Ri 

Ri-

1 
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Form factor of Spherical Shell Structure 

Amplitude 

and thereby the scattering intensity 

0  R7 R6 R5 R4 R3 R2 R1 

Inset expression for spherical form factor: 
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Form factor of Micelle  
modeled as  
Spherical Shell Structure 

0     R1R2R3R4R5 

ρ 

Ri 

Ri-1 
COMPOUND PARTICLE 
build up of sub-units 
(concentric spheres / 
shells) 
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Form factor of Particle  
modeled as  
Two Spheres 

COMPOUND PARTICLE 
build up of sub-units 
(concentric spheres / 
shells) ρ0 

V2 ρ1 

V1 ρ1 
r12 
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Compound particles: 
 
 
examples: 
nucleosomes, protein/DNA complexes 
ribosomes: protein/RNA complexes 

With 

Giving 

ρ0 
V2 ρ1 

V1 ρ1 
r12 
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Compound particles: 
Modelled as an assembly of uniform subunits 
 
examples: 
nucleosomes, protein/DNA complexes 
ribosomes: protein/RNA complexes 

With 

Giving 

ρ0 

Monte Carlo type of  
data-analysis 
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Measurements in the three conditions gives  
the structure of the individual subunits,  
and the distance r12 

ρ0 
V2 ρ2 

V1 ρ1 

r12 

ρ0 
V2 ρ2 

V1 ρ1 

r12 

ρ0 
V2 ρ2 

V1 ρ1 

r12 

Compound Particle 
Using contrast variation 



Kell Mortensen 
 

135 
 

Form factor of Micelle  
modeled as  
Sphere + Corona with Coils 

COMPOUND PARTICLE 
build up  
spheres + coils 

2Rg 

2Rc 

 ρs 

ρ
c 
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Fmic(q) = n2ρs
2Fs(q) + nρc2Fc(q) + n(n-1) ρc

2Scc(q) + 2nρsρcSsc(q) 

with 

Fc(q) = x-2(e-x+x-1),  x=(qRg)2                               Gaussian chain 

Fs(q) = [3(qRc)3{sin(qRc)-qRc cos(qRc)}]2 = Φs
2     Solid Sphere 

Scc(q) = Φs x-1(1-e-x) sin(qR) / qR 

Scc(q) = x-2(1-e-x) [sin(qR) / qR]2 

2Rg 

2Rc 

 ρs 

ρ
c 

Compound particle:  
Form factor of Micelle 
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Form Factor 
of  

Simple Objects 
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log(q) 

lo
g(

I)
 

Rod 
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Disc Sphere 

Cylinder 
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Rod Disc Sphere 

Cylinder 

qRmin2-qRmin1=3.20 qRmin2-qRmin1=3.18 qRmin2-qRmin1=3.14 
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Form factor of Polymer Chain 

in solution 
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Polymer Chain  
in the melt / in solution 
Fit to Debye fct. 
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Low-q approximation for a polymer coil 
Form factor for Gaussian polymer coil 

in the low-q regime  x << 1: 

which may be rewritten in exponential  
approximation: 

i.e. in the usual Guinier form 0 1 2 3 4 5
0.0

0.5

1.0

P(
q)

(qR)

 

 

 Debye
 Guinier
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Guinier Approximation 

0 1 2 3 4
0.0

0.2

0.4

0.6

0.8

1.0

1.2

 

 
R(

q)

qR

 Guinier
 Debye Polymer Coil 
 Sphere
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High-q approximation for a polymer coil 
Form factor for Gaussian polymer coil 

in the high q-regime, x>>1 (x>10): 

0 1 2 3 4 5 6
0.0

0.2

0.4

0.6

0.8

1.0

1.2

(qR)

P(
q)

 Debye
 Guinier
 q-2

 

 

0.1 1 10 100 1000
1E-4

0.01

1

 

 

P(
q)

(qR)2

 Debye
 Guinier
 q-2

in the low q-regime, x<<1 (x<1): 

i.e. fractal with fractal dimension 2. 
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Form factor of Mass Fractal 

The mass scale with radius as: 

Assume that system obey the fractal law within the 
3D Euclidian volume, give the formula for the 
correlation function: 

Calculate thereby the Scattering Function using the formula:  M
as

s 
r 

d 

http://upload.wikimedia.org/wikipedia/commons/2/21/Mandel_zoom_00_mandelbrot_set.jpg
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Form factor of Mass Fractal 

The mass (scattering power) scale with radius as: 

and thereby the correlation function 

which inset into the equation for scattering gives 

log(I) 

log(q) 

-d 
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Form factor of Mass Fractal 

Colloidal aggregates 
diffusion limited aggregation 

PRL 52, 2371 (1984) 
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Fractals 

with surface fractal dimension ds 

Surface Fractal 3<d<4 

I(q) ~ q-d 

Mass-fractal  1<d<3 

I(q) ~ q-d = q-dm 

I(q) ~ q-d = q-(6-ds) 

Lo
g 

(I
) 

Log (q) 
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Surface Fractal 

PRL 53, 596 (1984) 

Surface  
scattering from  

porous coal:  
Beulah lignite 

Linear in log-log plot: 
 I(q) ~ q-3.44  
corresponding to a 
surface fractal dimension: 
 ds=6-3.44=2.56 

Bale and Schmidt showed that the 
Porod law can be generalized to  
non-smooth surfaces, to the form 

with the surface fractal: 
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Structure Factor 
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Decomposition into intra and inter correlations 

intra particle correlations 
giving information on  
particle shape 

inter particle correlations 
approach 1 for dilute systems 

assume spherical symmetry,  
dilute mono-disperse ensemble 
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Structure factor 

Ordered, crystalline structure 
I(q) 

q 

Bragg scattering 
delta functions 
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 φ=0.01φ=0.1 

Structure factor 
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S(q) = 1 + 4πN ∫ h(R) sin(qR)/qR R2 dR 
 

                                  h(R) correlation function 

Ornstein Zernike Approximation 

h(R12) = c(R12) + n ∫ c(R13) h(R23) dR3 

                      c(R) direct short range correlation 

Percus Yevick Approximation 

c(R) = [e-Φ/kT)-1] e Φ /kT [h(R)+1],    Φ = Φ(R) 

Hard-sphere interaction 

c(R)= [α + β (R/Rhs) + γ (R/Rhs)2]),  α,β,γ function of volume fraction φ 
 

S(q) = [1 + 24 φ G(2qRhs)/2qRhs]-1 

 

Thus, Intensity I(q) = P(q) S(q) 

only depending on core size Rc, Volume fraction φ and Interaction distance Rhs 
 

h(R) 

c(R) 

Structure factor 
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Structure factor  
Hard-sphere Perkus-Yevick 
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Structure factor  
Measure a concentration series to get the correct form factor and 
zero-q instensity (Molar mass) 

1/
I(

q=
0)

 

concentration 
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0 5 10 15 20
0
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2qRhs

Volume fraction φ
 0.01
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 0.05
 0.10
 0.20
 0.30
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 0.50

Hard-Sphere Percus-Yevich Structure Factor
Correlation Peak 
approach  
2π/mean-distance 

Structure factor  
Hard-sphere Perkus-Yevick 
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Rhs = 2Rc 
φ=0.4 
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Structure Factor: 
 

I(q) = nM2 ∆ρ2 P(q) S(q) 

I(q) = nM2 ∆ρ2 P(q,Rc) S(q,Rhs, φ) 
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Structure factor 
S(q) = 1 + 4πN ∫ h(R) sin(qR)/qR R2 dR 
 

                                  h(R) correlation function 

Ornstein Zernike Approximation 

h(R12) = c(R12) + n ∫ c(R13) h(R23) dR3 

                      c(R) direct short range correlation 

Percus Yevick Approximation 

c(R) = [e-Φ/kT)-1] e Φ /kT [h(R)+1],    Φ = Φ(R) 

Hard-sphere interaction 

c(R)= [α + β (R/Rhs) + γ (R/Rhs)2]),   

α,β,γ function of volume fraction φ 
 

S(q) = [1 + 24 φ G(2qRhs)/2qRhs]-1 

Thus, Intensity I(q) = P(q) S(q) 

only depending on core size Rc,  

Volume fraction φ and Interaction distance Rhs
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Measured Scattering Function as a 
function of temperature 
 
PEO-PPO-PEO (P85) 25 % in D2O 

 Liquid              Gel 
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Measured Scattering Function as a 
function of temperature 
 
PEO-PPO-PEO (P85) 25 % in D2O 

 

 

 

 

Ordering 

Micellation 

Changes in 
micellar form 
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Micellar parameters  
as a function of temperature  
and concentration,  
obtained from fitting  
to the scattering data 
I(q) = P(q) S(q) 

P(q) = [3(qRc)3{sin(qRc)-qRc cos(qRc)}]2
 

S(q) = [1 + 24 f G(2qRhs)/2qRhs]-1 

i.e.  I(q) function of Rc, Rhs and f  
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Experimental micellar volume fraction, as obtained from SANS data, and 
schematic interpretation. 
(K.Mortensen. J.Phys.Cond.Matter. 1996) 

PEO-PPO-PEO Block copolymer in water  Liquid              Gel 
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Orientation by oscillating shear 

oscillating shear 
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Experimental scattering function 
resulting micellar volume fraction,  
and  
schematic real-space interpretation. 
(KM J.Phys.Cond.Matter. 1996) 

PEO-PPO-PEO Block copolymer in water 

Liquid                        
Gel 



Kell Mortensen 
 

167 
 1
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